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§1 What are Generating Functions?

Generating Functions are a powerful probability tool that can help us represent probability with the use

of a polynomial. Let’s take a look at a term of a generating function, and what it represents. Take the

term cz®.

e The exponent k represents a state, or an event that can occur
e The coefficient ¢ represents the probability that the state represented by k can occur

You can find out the number of ways that an event can occur by factoring out the probability. This is
best shown with an example.

§2 Generating Functions with Dice

Let’s take a look at dice rolls using generating functions. The possible states that can occur on a
1
standard dice roll are 1,2,3,4,5,6. These all occur with equal probability 6 Thus, we can represent

the dice roll with the generating function:

1 145 15 1, 15 14
6m+6$ +6$ +6£L' +6:B +6J:
As you can see, the exponents represent the possible states, and the coefficients represent the

probability that each state occurs.

Example 2.1 — What is the probability of rolling a sum of 5 on two standard dice?

This is where the power of generating functions comes in. We can represent the sum of rolling two dice
with a generating function as well. We simply doing this by multiplying the generating functions for the
roll of a standard dice, or:

11 1 1 1 1 6\°
(63: + éxQ + 6953 + 6364 + 63:5 + 6x6>

1
Here, we can factor out 36 to get the number of ways that each sum occurs instead of the probability:
(z + 2% +2° + 2* + 2° + 20)?

Why does this work? Let’s think about how we can achieve a sum of 5. We have four combinations, 4
on the first dice and 1 on the second dice, 3 on the first dice and 2 on the second dice, 2 on the first
dice and 3 on the second dice, and 1 on the first dice and 4 on the second dice.

The generating function works similarly. When we expand this, the following combinations of exponents

give 2% zt -z, 23 - 22, 2?2 - 23, 2% - 2. There are 4 such combinations, so the coefficient of 2 will be 4.
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As you can see, the possible events that lead to a sum of 5 are encoded in terms of a polynomial. Thus,
all we had to do in this problem is find the coefficient of 2> (which corresponds to a state of the sum of

4 1
5) in the expansion. We got that the coefficient was 4, and thus the total probability is 36 |9l

Obviously, this seems like a tedious way to do a simple problem, but becomes much more useful in
problems with higher numbers. In this case, we don’t have a nice way of figuring out coefficients as the
Binomial Theorem doesn’t work here, but future problems will have nice ways of doing so.

4 N\
Problem 2.2

(2010 AIME I 4) Jackie and Phil have two fair coins and a third coin that comes up heads with
4
probability 2 Jackie flips the three coins, and then Phil flips the three coins. Let ™ be the

n
probability that Jackie gets the same number of heads as Phil, where m and n are relatively prime

positive integers. Find m + n.
. J

Here, casework seems pretty tedious. Let’s use generating functions. Here, we would like to know
the probability of getting 0, 1, 2, or 3 heads when flipping three coins. We can represent this with a
generating function, with each state being the number of heads flipped.

1 1
Let’s look at the setup for a fair coin. We flip tails with probability 3 and heads with probability 3

1
Thus, there is a > chance of a fair coin contributing 1 towards our count of heads. We have

Similarly, we get the following generating function for the unfair coin using the probabilities given in

the problem:

3.4
77"

. Thus, we can represent the number of heads achieved by the flips of the three coins by multiplying
their individual generating functions together to get

LN (3,4,
2 2 7T T

45 1, 10 03
28" Tag" Tag" T g

We now know the probabilities of flipping 0, 1,2, or 3 heads from flipping these coins. To finish the
problem, we just square each of these probabilities as we need both Jackie and Phil to get k£ number of
heads. Our answer ends up being

Expanding this out, we get

42411241024+ 3>  16+121+1004+9 246 123
282 N 784 784 392

So our answer is just 123 4+ 392 = .
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§3 Power Series

The generating functions that we have been working with so far have been finite, as there were a limited
amount of states. What if we wanted to represent a quantity with an infinite amount of states? We
could do so with an infinite polynomial, such as:

l+z+22+23+2%. ..

This generating function, in fact can represent an integer in the context of summing integers. Say we
wanted to find the number of nonnegative solutions (a, b, ¢,d) of a + b+ ¢+ d = 3. We can represent
each of a, b, c,d with the above polynomial, as each exponent corresponds to an integer.

Based on what we’ve learned about generating functions, our answer would just be the coefficient of 23
in the expansion of
(I+azta®+a3+2t.. )1

We could just calculate this by hand, as there are not many combinations that multiply to z3. However,
what if we wanted to deal with numbers larger than 37 This is where the power series comes into

play.

Remark 3.1

1

4o+ 423424 .. =
1—2

The proof of this is very simple. Given |z| < 1, the series diverges and we can use the sum of an infinite
geometric series formula with initial term 1 and common ratio x.

This means we can represent our problem from earlier with the polynomial

(L)

There is indeed a nice way to find the coefficients of this expansion, and it comes from the Negative
Binomial Theorem.

Remark 3.2

1 \" ~—(n+k—1\ ,
1—-z) k v
k=0

Revisiting our problem of the number of nonnegative solutions (a, b, ¢,d) of a + b+ ¢+ d = 10, we get
that our answer is the coefficient of 2'0 in the expansion

(=)
(7))

Which is just
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Problem 3.3
Find the number of positive integer solutions (a,b,c,d) to a + b+ c+ d = 10.

This is very similar to our earlier problem, just with the constraint positive. This means we no longer
have the 20 state in our generating function. Thus, our answer is just the coefficient of z'0 in the

expansion

4

1—a)

Which can be rewritten as finding the coefficient of ° in the expansion of

(LY
(2 -)

(z+22+2°+. ) =2'(+z+22+...)=

Which we know is just

84 Roots of Unity Filter

The Roots of Unity filter is a very powerful tool when combined with the use of generating functions.
The filter gives us the sum of the coefficients of every x” such that n is divisible by k. This sum can be
written as

Remark 4.1

P(1) + P(w) 4+ P(w?) + - - - + P(w*1)
k

Where P(x) is a polynomial and 1,w,w?; ... ,wF~1 are the kth roots of unity.

The above computation may seem a bit ugly, but using the basic facts about Roots of Unity that
14+ w+w?+---+wh 1 =0 for any root of unity other than 1, and that w* = 1, the very basic definition
of a root of unity. Let’s cover a basic example to show this in action.

Example 4.2 — How many ways are there to roll three standard dice such that the sum of the
numbers that are rolled is divisible by 37

We know the generating function for a standard dice, so our answer is just the sum of the coefficients of
all ¥ such that k is divisible by 3 in the expansion

(x + 22+ 23 + 2t + 2° + 25)3

This is where the Roots of Unity filter comes into play. We know that our generating function is
P(z) = (z + 22 + 23 + 2* + 2° 4 2°)3, and we want to use the filter for k = 3. We just need to compute
the following
P(1) + P(w) + P(w?)
3
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We have the following:
P(1) =6% =216

Pw)=w+o’ +o’ 0!+’ +u)’ = (w+w +1+w+w? +1) = (0+0)* =0
P?) = @+t +0f +0f 400+ 012 = (W + 1 +w+w’ +1)P = (0+0)* =0

Thus, our answer is just

216+ 0+ 0
=R
; 72]

Problem 4.3

(2018 AIME I 12) For every subset T of U = 1,2,3,...,18, let s(T") be the sum of the elements of
T, with s(0) defined to be 0. If T" is chosen at random among all subsets of U, the probability that

m
s(T') is divisible by 3 is e where m and n are relatively prime positive integers. Find m.

Let’s try to find a generating function for the sum of the elements of a subset T'. We know that we can
form subsets using the ”in or out” argument, where we choose if an element from U is either in or out
of our subset T'. We can try the same idea here. Let’s look at the element 1. If 1 is out of our subset,

then it contributes 0 to the sum, so we will just represent it with a 1. If it is in the subset, then it will

contribute 1 to the sum, so we can write this as z!.

The same argument can be made for every other element, so our generating function is
P(z)=(1+a)(1+2%)(1+2%)...(1+2"®)

We are just counting the number of ways for now, so we don’t have any probabilities attached.

Now we need to sum to be divisible by 3, which is equivalent to finding the sum of the coefficients of all
z* in the expansion such that k is divisible by 3. We use the filter once again, so we need to compute

P(1) + P(w) + P(w?)

We have:

Pw)=(1+w)(1+w)(1+uw?) ... (1+w®) = ((1+w)(1+w?)(1+1)° = (2(w® +w? +w+1))° =2°
Pw?) = (1+w)(1+wh) (1 +wb) ... (14+w®) = (1 +w)(1+w?)(1+1)° = 2w® +w? +w+1))% =2°
So the number of subsets that have a sum divisible by 3 are:
218 + 26 + 26
3

. Since we are trying to calculate the probability, we divide by the total number of possible subsets,
which is 2'8, to get:

218 4 964 96 912414
3 3 4098 1366 683
218 - 212 T 3-.4096 4096 2048

So our answer is just .
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85 Problems of the Day

Problem 5.1. (2019 CNCM Math Bowl Indiv 9) Three regular 7-sided dice, two regular 5-sided dice,
and one regular 4-sided die are rolled. The probability that the 6 dice sum to a number divisible by 3

can be expressed as —, where m and n are relatively prime positive integers. Find m.
n

Problem 5.2. The value

7N
)
N~

<

o0
>0
j=4

can be written as —, where m and n are relatively prime positive integers. Find m + n.
n

Problem 5.3. (2007 HMMT Combo 9) Let S denote the set of all triples (a, b, ¢) of positive integers
where a + b + ¢ = 15. Compute
Z abc

(a,b,c)eS

Problem 5.4. (2013 HMMT Algebra 7) The value

o0 [e.e] o0 + —'_ L +
Z Z Z = 3a1a-fa2+~--+a7 =

a1=0as=0 a7=0

can be written as —, where m and n are relatively prime positive integers. Find m + n.
n

Problem 5.5. (2008 HMMT Combo 9) Determine the number of 8-tuples of nonnegative integers
(a1,a2,as,a4,b1,ba, bs, by) satisfying 0 < ap < k, for each k = 1,2,3,4, and a1 + a2 + a3z + ag + 2b; +
3by + 4bs + 5by = 19
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§6 Solutions to the Problems

PoTD 1

(2019 CNCM Math Bowl Indiv 9) Three regular 7-sided dice, two regular 5-sided dice, and one
regular 4-sided die are rolled. The probability that the 6 dice sum to a number divisible by 3 can

be expressed as —, where m and n are relatively prime positive integers. Find m.
n

This is very similar to the dice problem we covered in the handout. We know how to find the generating
functions for each dice. Our generating function is:

Px)=(z+ 2 +23+ 2 + 25 + 2%+ 23z + 2® + 23 + 2 + 25)%(z + 2% + 23 + )

Since we are trying to find the number of ways such that the dice sum to 3, we will use the filter for
k = 3. We have:
P(1)=7%.5%.4

P(w) = (wHw? +w?+wt + S+l w3 (wtw? 4P+t + 00 (wHw? +ud +wt) = (W) (w+w?)? (W) = w
P(w?) = (W +w+wi i +w! 4w +w')? (W +wt 0l +wl +0'0) 2 (w? +wt b +w?) = (w?)? (wtw?)? (W?) = W?
The number of ways is

P(1)+ P(w)+ P(w?) 7.5 4+w+w? T7.52.4-1
3 B 3 B 3

by using the fact w? +w+1 =0 = w? +w = —1. The total number of ways to roll the dice is
73 .52 . 4, so we divide to find the probability:

7.52.4-1
3 11433

73.52.4  73.52.4

Since the problem just asks for m, our answer is | 11433 |.

4 N\
PoTD 2
The value ,
J
>
J
j=4
can be written as T, where m and n are relatively prime positive integers. Find m + n.
n
. J

1
The problem convinces us to make the substitution j = k + 4. Let’s also substitute in x = 7 Ve now

io: <k + 4> Lhta
4

k=0

have the summation

1 \" k+4 k+4
This looks suspiciously like an expansion of <1 ) . We know that < I > = < —]: ) =
—x

)

This looks like the expansion of
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() =2 ()

=0

> [(k+5-1
Z<+Z >xk3+4

k=0

We know that:

But our summation is

For the summations to match, we need to multiply by x*. Thus, the closed form for the expression is

4

(1 =)

oy

Thus, our answer is just 4 + 243 = .

Substituting in z = 7 Ve have:

4 )
PoTD 3
(2007 HMMT Combo 9) Let S denote the set of all triples (a,b,c) of positive integers where
a+ b+ c=15. Compute
Z abe
(a,b,c)ES
\- J

This problem seems very similar to our problem of finding the positive solutions (a, b, ¢,d) to a+b+c+d =
10. We can take a closer look at what happens with a + b+ ¢ = 15.

When we represent this problem with generating functions, we get that the number of ways is equivalent
to the coefficient because the product that represents the solution (a,b,c) = (3,8,4) is 2% - 2% - 2% in
our generating function. This is true for all such solutions, and when we add them all up, we get the
number of ways since all of the coefficients are 1.

T

In our case, we want to sum the product of the exponents when we sum up all the possibilities. Since we
know that coefficients get multiplied and exponents get added when we expand our generating function,
we can do so with the following generating function:

r+ 222+ 323 + 42t + ...
Let’s see why this works. Going back to our (a, b, c) = (3,8,4) example, we now multiply 3z3- 828 -4z =

9625 for this possibility. The coefficient ends up being the product of the triple, so if we sum up all
possible triples, we get the sum of all possible products.

The problem boils down to finding the coefficient of 2'® in the generating function

(x4+222 + 32 + 42t + .. ¥ =231+ 224+ 322 + 423 + .. .)°

1
The closed form of 1 + 2x + 322 + 423 + ... is ﬁ (if you aren’t convinced, try it yourself). Now,
—x

we just need to find the coefficient of 2! in

1—a)f
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Which is the coefficient of z'2 in

(1—=)°
We know that this is just

6+12—-1 17
("5 = (1) -l

4 N
PoTD 4
(2013 HMMT Algebra 7) The value
o o0 [o.¢] a1+a2+"'+a7
Z Z o Z 3aitaz+---+az
a1=0az2=0 a7=0
can be written as T, where m and n are relatively prime positive integers. Find m + n.
n
g J

1
Let’s disregard the a; + a9 + - - - + a7 for now and make the substitution x = 3 Our summation is now

oo [oe) oo
D IS P

a1=0a2=0 a7=0

Let’s think about this logically. Assume that a; 4+ as + - - - + a7 = k. The summation adds g o2+ +a7
for every possible set of (a1, as,as, a4, as, ag, az). This is indeed the generating function

1

2 3 7T __

We need to account for the a; + as + --- + a7 we disregarded earlier. Let’s convert our generating

function to a summation -
1 k+6\ .
(1) ‘Z( k )

k=0

Since we know that a; + as + -+ + a7 = k, we can write it in the summation as
o0
k+6Y\ .
k x
> k(")
k=0
. To get the k in the expression, we can differentiate and multiply by x:

Fa) = i (k—;—ﬁ)xk

k=0

2F(z) = Iik(k : 6) 2

1
’ <3> 15309
8 256
(1=3)
3

Thus our answer is just 15309 + 256 = | 15565 |.

1
Thus, our answer is just substituting 3 into 2 F'(z) = which is just:
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PoTD 5

(2008 HMMT Combo 9) Determine the number of 8-tuples of nonnegative integers (a1, as, as, as, b1, ba, by, by)
satisfying 0 < ap < k, for each k = 1,2, 3,4, and a1 + a2 + a3 + a4 + 2b1 + 3ba + 4b3 + 5by = 19

We have that 0 < a1 < 1,0 < a9 <2,0<a3 <3,0<ay <4. Thus, our generating functions for the
first four variables are

I+z)Q4+z+22) 1+ +22 +230 + 2+ 22 + 23 + 24

Our last four variables are unconstrained, so we can write them as power series. Since the variables are
multiples of 2,3, 4,5 respectively, we only take multiples of those numbers into account, giving us the
generating function:

A4z 42+, . )A+23+25+. )+t +28 4+ ) QA +2°+20+..)

xk"'l—l 1— k

We can write (1 +z + 2% +--- +2F) as T =1 ° ,50 we get:
T — -

(=2) (=9) (=5) (55) () (5) (5) (=5

I We need to find the coefficient of

b
(1—x)

Through convenient cancellation, this all simplifies down to

2! in this expansion, which we know is just:

4+19-1 22
()= (ia) - om
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